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A numerical solution of the problem of self-similar development of 
a jet of viscous incompressible fluid moving along a porous wall is 
obtained within the framework of laminar boundary layer theory. 

The p r o b l e m  of the  p ropaga t i on  of a l a m i n a r  s e m i -  
bounded j e t  of i n c o m p r e s s i b l e  f luid along a porous  
wal l  has  been  so lved  n u m e r i c a l l y  on the a s s u m p t i o n  
that  the v a r i a t i o n  of the ve loc i ty  components  a t  the 
wal l  s a t i s f i e s  the condi t ion of s e l f - s i m i l a r  d e v e l o p -  
men t  of  the je t .  S imi l a  r p r o b l e m s  w e r e  so lved  in [1] 
and [2]. In [1] the so lu t ion  was obta ined  fo r  a cons tan t  
va lue  of the  t r a n s v e r s e  ve loc i t y  component  a t  the 
wal l .  In [2] the  p r o b l e m  was so lved  fo r  a power  law 
of  v a r i a t i o n  of the t r a n s v e r s e  ve loc i ty  component  
a long the wal l ,  but  the  r e l a t i o n  be tween  the s e l f -  
s i m i l a r  so lu t ions  ob ta ined  and the ac tua l  ve loc i ty  f i e ld  
r e m a i n e d  unde te rmined .  

Our ob jec t  has  b e e n t o  s tudy  the ef fec t  of the suc t ion  
o r  in jec t ion  ve loc i ty  on the a t tenua t ion  of the j e t  and 
to d e t e r m i n e  the f r i c t i o n  s t r e s s e s  at  the wal l  and the 
loca t ion  of the ve loc i ty  m a x i m u m .  The n u m e r i c a l  c a l c u -  
l a t ions  were  c a r r i e d  out on an EMU-10 analog  compute r .  

The s t a r t i n g  equat ions  of the  p r o b l e m  a r e  the  l a m -  
i na r  bounda ry  l a y e r  equat ions  

Ou Ou Ou Ou +Or__ 
U - -  -3E O - -  = 'Y  , - -  0 (1) 

Ox Oy Oy ~ Ox Oy 

with the bounda ry  condi t ions  

u = u ~ ,  v=v~,  npa y = 0 ,  

u = 0  npr~ y = + o o ,  (2) 

w h e r e  the s u b s c r i p t  w denotes  va lues  of the  ve loc i t y  
components  a t  the wal l .  We find the so lu t ion  of Eqs.  
(1) in the  fol lowing f o r m :  

r 

u = u~F' ~, an, = A~, ~p = B ~ - y .  (3) 

These  r e l a t i o n s  a l so  d e t e r m i n e  the law of v a r i a t i o n  
of the  ve loc i t y  components  a t  the wa l l :  

Ct--I 

A x ~ u a + l F c m  
uw = A ~  F ~ ( 0 ) ;  v ~  = - -  _ _  , ~ , .  ( 4 )  

B 2 

Af te r  t r a n s f o r m a t i o n s  of the v a r i a b l e s  in the  s t a r t -  
ing equat ions  (1) ,  w e  obta in  

F "  + 2(a + O F F - - 4 a F  ~ = 0, (5) 

w h e r e  the unknown funct ion F m u s t  s a t i s f y  the bound-  
a r y  condi t ions  

F = F ( O ) , F ' = F ' ( O )  at  ~ = 0 ,  Y ' = O  at  r  (6) 

The j e t  a t t enua t ion  cons tan t  ~ was  d e t e r m i n e d  by  
i n t eg ra t i ng  Eq. (5). F o r  th is  p u r p o s e  we a s s i g n e d  
va lues  of F(0) a n d F ' ( 0 )  a t  the wal l .  We then v a r i e d  
the va lue  of F"(0)  so that  the boundary  condi t ions  
at  inf ini ty  F ~ ) =  0 and the equat ion F~nax = 1 w e r e  
s a t i s f i e d  fo r  the given va lue  of ~.  

F o r  two p a r t i c u l a r  va lues  of ~,  Eq. (5) i s  i n t e -  
g r a b l e  in q u a d r a t u r e s .  The va lue  a = - 0 . 5  c o r r e s p o n d s  
to the p h y s i c a l l y  u n r e a l  c a s e  of suc t ion  f r o m  the 
boundary  l a y e r  in the d i r e c t i o n  of mot ion  of the f luid 
and, hence,  is  of i n t e r e s t  f r o m  the s tandpoin t  of a 
check on the a c c u r a c y  of the  mach ine  solut ion.  F o r  

= - 0 . 5  the so lu t ion  has  the  fo rm 

F - ' / '  F' + 2 (F,/, v ' / ,  - - r (~ ) )  -= O, 
"d 

'1.[( /• 
= 2F,| F ('~--+ V'-fi'(~-F'-(~; + F(| 

J ]+ 
_ _  ~/3 farctg2 V-P--  F~r 

2 + i p/-P:YT,_, ~ 
- , r c l g  ( 7 )  

The second va lue ,  ~ = - 1 / 3 ,  admi t t Ing  a so lu t ion  
in q u a d r a t u r e s ,  c o r r e s p o n d s  to a j e t  with a cons tan t  
va lue  of the  m o m e n t u m  flow a long the wai l .  In th is  
case ,  the  f r i c t i o n  l o s s e s  a r e  compensa t ed  b y t h e  c o m -  
ponent  of the  m o m e n t u m  flow in t roduced  with the 
in jec ted  m a s s  of f lu id  in the  d i r e c t i o n  of  mot ion.  We 
then have  

2 2 3 F'=I--yF; F=y+ 

+ h (~-~23 r F (0)). (8) 

C o m p a r i s o n  of Solutions (7) and (8) with the mach ine  
so lu t ions  at  c o r r e s p o n d i n g  va lues  of  the cons tan t  
shows tha t  the  m a x i m u m  e r r o r  in ca l cu la t ing  the 
funct ions  F and F '  and the  va lues  of (~, e tc . ,  does  not 
exceed  5%. 

In connec t ion  with the  d e t e r m i n a t i o n  of the con-  
s t an t s  A and B, we note tha t  in d e r i v i n g  Eq. (5) i t  was  
a s s u m e d  tha t  

A ---- 4:~ B ~. (9) 
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Fig .  1. At tenuat ion  cons tan t  a as  a funct ion 
of in j ec t ion  ve loc i ty .  
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Fig. 2. Friction as a function of injection 
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Fig .  3. Loca t ion  of ve loc i t y  m a x i m u m  
as a funct ion of in jec t ion  ve loc i ty .  
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Fig .  4. At tenuat ion  cons tan t  (~ (2), 
F"(0)  (1), and q~max (3) as  funct ions  

of the suc t ion  ve loc i ty  F(0).  

In the  p r e s e n c e  of p o w e r  t r a n s f o r m a t i o n s  of  (3), an 
i n t e g r a l  of the  type  

~o a - - I  

S ---- S u~-  dg = const ~ 0 (10) 
0 

does  not  v a r y  a long the  p l a t e  [1]. Using r e l a t i o n s  
(9) and (10) we d e t e r m i n e  A and B: 

A = ! [E' (~)l -~- d 
- i 

2p ~/~ 
1 

(11) 

We p r o c e e d  to d i s c u s s  b r i e f l y  the  r e s u l t s  p r e s e n t e d  
in F i g s .  1 - 4 .  

An i n c r e a s e  in the longi tudina l  component  of the  in -  
j ec t i on  ve loc i ty  F ' (0 )  r e d u c e s  the  a t tenua t ion  cons tan t  
of the j e t .  An i n c r e a s e  in the t r a n s v e r s e  in jec t ion  
ve loc i t y  (p ropor t i ona l  to F(0)) has  a s i m i l a r  ef fec t  up 
to a c e r t a i n  point ,  beyond which a f u r t h e r  s l igh t  in -  
c r e a s e  in F(0) l e a d s  to a s h a r p  i n c r e a s e  in c~ (Fig .  1). 
It is  c l e a r  f r o m  Fig.  2 tha t  an i n c r e a s e  in the  long i -  
tudinal  and t r a n s v e r s e  components  of the in jec t ion  
ve loc i t y  l e a d s  to a d e c r e a s e  in the  s h e a r  s t r e s s  a t  the 
wal l  �9 

a + l  

d ,  x ~ -  F" (0). (12) 

The r a t e  of fa l l  of F"(0)  with i n c r e a s e  in F(0) 
is  g r e a t e r  a t  l o w e r  va lues  of F ' (0) .  

Na tu ra l ly ,  as  the n o r m a l  component  of the  in jec t ion  
ve loc i t y  (~F(0)) i n c r e a s e s ,  the loca t ion  of the ve loc i ty  
m a x i m u m  moves  away f r o m  the wal l  (Fig .  3). At l a r g e  
va lues  of the longi tudina l  ve loc i ty  component  F ' (0)  the 
change is only  s l ight .  An i n c r e a s e  in F ' (0)  a t  cons tant  
F(0) b r i n g s  ~ m a x  c l o s e r  to the wal l .  

When f luid is  sucked  f rom the boundary  l a y e r ,  an 
i n c r e a s e  in the  suc t ion  r a t e  F(0) l e a d s  to an inc reas ' e  
in c~ and the f r i c t i o n  at  the wal l  (F ig .  4). The ve loc i t y  
m a x i m u m  in the c r o s s  s ec t ion  of the j e t  is  d i s p l a c e d  
t oward  the wal l .  
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NOTATION 

x, y, and z a r e  coo rd ina t e s ;  u and v a r e  longi tu-  
dinal  and t r a n s v e r s e  ve loc i t y  components ;  F is  the 
d i m e n s i o n l e s s  ve loc i t y  p ro f i l e ;  q~ is  the d i m e n s i o n l e s s  
coord ina te ;  T is the s h e a r  s t r e s s ;  A, B, a ,  fl, and S 
a r e  cons tan t s ;  ~ and # a r e  the k i n e m a t i c  and dynamic  
v i s cos i t y ;  p is  the  dens i ty .  S u b s c r i p t s :  w r e f e r s  to a 
va lue  of  v a r i a b l e s  at  the wal l ;  m,  to a m a x i m u m  value .  
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